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tODUCTION AND NOTATION

ogical transformation group (ttg) is a triple X =<T,X,7>, where T is a T, topological
X is a compact T, space and 7:T X X — X is a continuous map such that 7(e,x)=x and
t,x))=a(st,x). le., T acts as a continuous group of homeomorphisms on X . We shall
and suppress the action symbol.

be a ttg, x € X, then Tx (T_x) denotes the orbit (-closure) of x in X and a subset

is called invariant iff TaC A forevery a€A . A ttg X is called minimal iff X contains
ver closed invariant subsets, X is called ergodic iff every invariant open subset of X is dense.
nple of an ergodic ttg is a pointtransitive ttg, which is a ttg with a dense orbit. A ttg is minimal
7 orbit is dense.

ir fixed) T there exists a universal pointtransitive ttg &r , such that T can densely and
iantly be embedded in Sy . The multiplication on 7 can be extended to a multiplication on
ien Sy is a closed semigroup with continuous right translations. The universal minimal ttg
IT,M> for T isisomorphic to every minimal left ideal in S7 and so M is a closed semi-
vith continuous right translations. Hence the collection J:=J(M) of idempotents in M is
sty. Moreover, {vM |v €J} is a partition of M and every vM is a group with unit element

s S; and M acton X assemigroups and Tx = Srx , while for a minimal ttg % we have
Mx for every x € X . Let x be an almost periodic point in X , i.e. Tx is minimal, then
the nonempty set {vE€J |vx =x} by J, . Note, that for a ttg X, JX is the collection of
periodic points in X .

ality is another dynamical concept that can be described by the action of Sz . Two points x;
, are called proximal iff T(x;,x;)NAx * @ . Let Uy be the unique uniform structure of
:n P = (M {Ta|aE Uy} is the collection of proximal pairs in X , the proximal relation ; if
X X then % is called proximal.

out that x; and x, are proximal in %X iff vx; =vx, for some idempotent v € St iff there
umal left ideal I in S7 such that px; =px, forevery pel .

be the collection of nonempty closed subsets of X endowed with the Vietoris topology

. Note that a base for the Vietoris topology on 2¥ is formed by the sets

<U,,...,U,>={4€2¥X|AC YU, and ANU;, # & forevery i},

i=1

U; isopenin X . Then 2%:= <T.2¥ #> defined by #(z,D):=w[{t}X D] is a ttg again,
- acts on 2¥ too. To circumvent ambiguity we denote the action of Sy on 2% by the circle
n as follows. Let p € Sy then for D € 2% define peoD:=limyxs; D for any net {7;}; in

h t; -p . Moreover
poD ={x € X | there are d; € D with x =limyd;}
net ;—p in T . If FCSy, D&€2¥ then we define

FoD:= J{foD |fEF}.




~—

A homomorphism of tigs ¢:%—% is a continuous map ¢: X — Y of the phase spaces of the ttgs such
hat ¢(tx) =t¢(x) forall t€T, xEX .
he map ¢ is called proximal iff R4C P iff Py:= M {TaNRy|aEUY} =R,.

et ¢:X—>Z and ¢:Y—>Z be surjective homomorphisms of ttgs, then ¢ and ¢ are called disjoint

Il Ryy:={(x,y)|¢(x)=1v¢(y)} is minimal, notation ¢ Ly ; ¢ and ¢ are called weakly disjoint
ff Ry, is ergodic, notation ¢ - .

n section 2 we shall relate weak disjointness of homomorphisms of ttgs to that of their maximally
‘quicontinuous factors. A homomorphism of ttgs is called equicontinuous or almost periodic iff for
very a€ Uy thereisa BE Uy such that TaNR,C B, where Ry:=R,, .

et Q4= ({TaNR,|aE€ Uy} be the regionally proximal relation and define the equicontinuous
tructure relation to be the smallest closed invariant equivalence relation that contains Q4 - Then
¢:X—% is almost periodic iff Qy=Ay. If ¢:X—>%Y is a homomorphism of ttgs, then
0:%X/Ey—% is the maximally equicontinuous factor of ¢ (also called the maximally (uniformly)
\Imost periodic factor of ¢ ).

Jefore we can discuss the material in section 2 we need to collect some results concerning the equicon-
inuous structure relation of certain types of homomorphisms of minimal ttgs, which will be done in
ection 1. Most of the results in that section 1 are known, but the results in 1.9.d, 1.12.c and 1.16.b
eem to be new.

n section 3 we refine our knowledge about the regionally proximal relation being an equivalence rela-
ion. We prove that in several cases (RIC, Bc, RIM) we have

Ey=04,= N{intg TaNR,|aEUx} (=0F).

Jote that it was already known that E, = Q, for open Bc extensions [B 73], Bc extensions [V 77] and
pen RIM extensions [Wo 80].

n section 4 we revisit the transitivity of the regionally proximal relation and translate some of the
#-ideas” as exposed in section 3 to the idea of regional proximality of second order.

\ more detailed discussion about ttgs may be found in [B 75/79] and, with more notational resem-
lance, [G 76] and [V 77]; for a function-algebraic approach see [E 69].

Ve like to thank J. DE VRIES for his many valuable suggestions, and T. S. MCWOULANDER for his com-
aunications.

. SOME GENERALITIES

et X be a CT, space and let M (X) be the collection of regular Borel probability measures on X
rovided with the weak star topology; ie., a net {p}; in M(X) converges to p€ M(X) iff
[ f du; converges to / S dp for all real valued continuous functions f on X . Then M(X) is a




°T, space in which X is embedded by the mapping x+ 8, , where 8, is the dirac measure at x .

f ¢:X—>% is a continuous map between CT, spaces, then ¢ induces a continuous map
M (p): M(X)—>M(Y) which extends ¢ . Note, that M (¢) is surjective (injective) (homeomorphic)
ff ¢ is.

et X beattgfor T.For t€T and p€ M(X) define rp€E M(X) by tpd)=p '4); or,
vhat is the same, ff d(itp) = fft dp, where ft:X —»R is defined by fr(x)=f(ix). Also one
ould  say tp:=M@@ )w), where 7 i=xpix: X—>X. One can show  that
(t,Wetp: TXM(X)— DM(X) is continuous. So M (X) is a ttg for T .

f ¢:X—% is a homomorphism of ttgs, then D (¢p): W (X) — M (%) is a homomorphism of ttgs.

\ surjective homomorphism ¢:%X—% of ttgs is said to have a relatively invariant measure ( ¢ has a
UM, ¢ is a RIM extension) if there exists a continuous homomorphism A: ¥ — M (X) of ttgs such
hat M (¢)oA: Y — M (%) is just the (dirac) embedding. In other words: ¢ is a RIM extension iff for
very y €Y there is a A, €M(X) with suppA, C¢(y) and the map yA, :Y->M(X) is a
omomorphism of ttgs; this map A is called a section for ¢ . If ¢ is a RIM extension, then a point
x € X is called a supprim point if for some section A for ¢ we have x € suppAyy) -

n particular, ¢:%— {*} has a RIM iff % has an invariant measure iff 9t (%) has a fixed point. In
ase % is minimal it follows easily that every point of X 1is a supprim point.

\nother example of a RIM extension is an almost periodic homomorphism of minimal ttgs, which even
\as a unique section and every point is a supprim point. For more details on RIM extensions see
G 75].

UM extensions of minimal ttgs turn out to behave nicely with respect to the interpolation of maximal
Imost periodic factors, i.e., with respect to the equicontinuous structure relation.

.. THEOREM. ([M 78] 2.2.) Let ¢:X—%Y be a RIM extension, then ¢ is open in the supprim poinfs]

n [M 78] a technique is developed to investigate the equicontinuous structure relation for RIM exten-
ions. The most important results are 1.2. and its consequences 1.3. and 1.4. below.

.2. THEOREM. Let ¢:X—%Y be a homomorphism of minimal ttgs, and let :Z—%Y be a RIM exten-
sion with section N ( & not necessarily minimal). Let x € X and let U be an open set in Z .
Then

Ey[x]X(VNsuppAyx)) S T{x }X VN Ryy) . 0

.3. COROLLARY. Let ¢:X—% be a RIM extension of minimal tigs with section \. Then for every
X € X with x € suppAyx) we have the equality Ey[x]1= Qg[x]. In particular, if a minimal ttg
X has an invariant measure then Eq¢ = Qs . 0O

4. COROLLARY. Let ¢:%X—%Y be a RIM extension of minimal ttgs. Then
Ey=Q4oPy=PuoQy={(x1,X2)E Ry | (ux,,ux,)€ Qg4 for some u €J} . O




"wo other types of extensions that behave nicely with respect to the equicontinuous structure relation
re the Bc extensions and the RIC extensions.

et ¢:X—-Z and ¢:Y—>Z be surjective homomorphisms of ttgs (not necessarily minimal). Then ¢
nd ¢ are said to satisfy the generalized Bronstein condition (gBc) if JR4y = Ry ; ie., if the almost
reriodic points are dense in Ry, . If fﬁ;z R, then ¢ is said to satisfy the Bronstein condition
Bc); we shall also say that ¢ is a Bc map or a Bc extension .

Ve say that ¢ satisfies the n — fold Bronstein condition for certain n € N whenever

RG:={(x1, ..., x)EX" |[o(x)) = -+ = ¢(x,)}
1as a dense subset of almost periodic points (notation: ¢ is n-Bc).
0 ¢ is a Bc map iff ¢ is 2-Bc.

\ horhomorphism ¢: X—Z of minimal ttgs is called a RIC extension iff ¢(z) =uou¢p(z) for
wvery z €Z and for every u€J, (RIC stands for Relatively InContractible). Note that a RIC

xtension is an open extension ([G 76] X.1.1.).
ixamples of RIC extensions are almost periodic-, distal- and open point distal maps.

Che proof of the next lemma is straightforward and will be omitted.

.5. LEMMA. Let X be minimal. Consider the next diagram of surjective homomorphisms.

% P

The following statements are equivalent:

a) ¢ and { satisfy gBc;

b) R4y=T({x} Xuy~¢(x)) for some x € X and some u€lJ,

€) Ryy=T({x}Xuy~¢(x)) forevery x €X andevery u€lJ, . O

['wo other useful remarks concerning dense sets of almost periodic points are

|.6. REMARK. (Situation as in 15) Let u€J. Then ¢ and ¢ satisfy gBc iff

Yo(x)=Jcouy d(x) forevery x EX .
In particular, ¢ is a Bc extension iff ¢~ ¢(x)=Jcoudp“¢(x) forevery x €EX .

>ROOF. The ”if-part” is obvious.
Conversely, let x€X and y€y~¢(x). Then, by 15c, (x,y)=Ilims(ux,up;) where
uy; € uy~¢(ux) =y $(x) . After passing to a suitable subnet let p =limz;u € M . Then it follows

‘hat
y =limtuy;, Epouy~¢(x) and px =x .
For vE€J with yp =p we have v €J, and
yEPoubTd(x)=poup” upyTo(x)C v oup ¥ P(x)CvouyTé(px) = vouyTo(x).
50 yEvouy P(x)CJcouy o(x). O




7. REMARK. Let ¢:X—%Y be a homomorphism of ttgs with %Y minimal and %X having a dense sub-
set of almost periodic points. Then ¢ is semi-open (i.e., for every nonempty open UC X , ¢[U]
has a nonempty interior in Y ).

ROOF. The remark is well known for % minimal. Let % have a dense subset of almost periodic
oints and let U C X be open and nonempty. Then UNZ = & for some minimal orbit closure
Z in X . As ¢[UNZ] has a nonempty interior in Y the remark follows. d

‘or the following denote by (u¢~(z))" the cartesian n-power of u¢~(z); and by 22‘ the “relativ-
red hyper ttg”, defined as a subttg of 2% by

2X.:= {4 €2X | $[4] is a singleton} .

'he simple proof of the following lemma is left to the reader.

.8. LEMMA. Let ¢:X—Z be a homomorphism of minimal t1gs.
a) ¢ isn-Beiff R =cl,,[T.(u¢p"(2))"] forevery zE€ Z andevery u€J, .
b) If ¢ isn-Bc for all n €N, then for every z € Z and every u€J, the set

U{t{xt, ..., x,} | xi€udp=(z),nEN, 1 €T} C2f

is dense in 24 . O

.9. THEOREM. Let ¢:X—>Z be a homomorphism of minimal tigs. The following statements are

equivalent:

a) ¢ is a RIC extension;

b) ¢ Ly for every proximal extension :%Y—EZ of minimal ttgs;

c) ¢ and { satisfy gBc for every y:¥—>Z with %Y having a dense subset of almost periodic

points;
d) ¢ is open and n-Bc for every n eN.

ROOF. a and b are equivalent by [G 76] X.1.3..

a=cLlet UXVNRy, be a nonempty (basic) open set in R4y . As ¢ is open and ¢ is
emi-open (1.7.), W:=y[y~¢[U]NV]° is a nonempty open subset of Z and ¢[U'l=¢[V],
there U':=UN¢ [W] and V':=V NyYT[W].
£t y €V’ be an almost periodic point, say y =vy for certain vEJ ,andlet x € U'N¢TY(vy) .
\s ¢ is RIC, x Evove Y(vy) so x =lim¢vx; for some net f; »v and vx; €Y (vy). Hence
x,y)=limg(vx;,vy) and for certain i

L,EU'XV'NRyCUXVNRyy.
“onsequently, Ry, has a dense subset of almost periodic points.
¢ = d Follows by induction from the observation that R3*' = R,,, where n: ] —E is the
estriction of ¢" : X" —»Z" .
d=alet zEZ and u€J, . By 18b, there are sets £ {x},..., x,‘;i } with x/€u¢p(2)
/hich in 2 converge to ¢(z) . As

G{xt, . xm Y= hulxt, o X JChuoudt(2),

t follows that




¢ (z)=limg{x}, ..., x, YClimtuoudp™(z) =pou¢p(z),

vhere p =limz;u € M (after passing to a suitable subnet).
3ut, clearly, pou¢(z)C ¢ (pz),so z =pz and z =up 'z . By openness of ¢ we know that

() =up lop(z), 50
(j)‘_(z):up_lo¢‘_(z)gup_lopou¢“(z)=uou¢“‘(z).
dbviously, uou¢p~(z)C ¢ (z), which shows that ¢“(z) =uoud(z). O

[here are several ways to study the equicontinuous structure relation for Bc extensions:

i) Elementary, using some trickery with syndetic sets and the uniform structure. In [B 73] thm 3, it
was proven that E, = Q, for open Bc extensions ¢ of minimal ttgs, so certainly for RIC. exten-
sions. A suitable “shadow diagram” ([EGS 75]) finishes the general Bc case.

ii) Using our knowledge about (open) RIM extensions ([M 78], [Wo 80]) and a(nother) shadow
diagram ([G 75)).

iii) The method of the $-topologies ([F 63], [E 67], [EGS 75] and [V 77]).

Vith help of the F-topologies one tries to imitate the properties of a compact group action. We shall
riefly describe the F-topologies and some of the properties, resulting in a first description of the
:quicontinuous structure relation (1.16., 1.17.). Our approach will be based upon [V 77] which will also
ierve as a general reference.

3irst we shall specify a certain neighbourhood base at U in M (for the usual topology).
_et V be asubset of T suchthat u €& intSTclsT[V] ,and let A(V):= clST[V]ﬂ M . Then define

Vu):={tET | tuEintyh(V)}.

Clearly, V(u) is openin T , butin general ¥ and V(u) do not coincide. However, the collection
f subsets ¥V of T for which ¥V and V(u) are the same can be used to define a neighbourhood
sase for u in M , as follows.

[.10. LEMMA. The collection (h(V)|V =Vm)CT,u€ intSTCIST[V]} forms a neighbourhood base for
u in M. O

Let % be a ttg. We shall define a topology F(%X,u) on uX ={x € X |ux =x} by specifying a
aeighbourhood base for every x =ux in uX . So let x EuX . A typical neighbourhood of x in
(uX,F(%,u)) will be a set of the form

[U,V]1NuX with [U,V]:= J{t 'U|teV},

where U is a neighbourhood of x in X (usual topology) and ¥ is an open subset of 7 such
that u € intsTclsT[V] and V=V(u).
The union of those neighbourhood bases forms a base for the & (%,u) topology on uX .




11. PROPERTIES.
a) The ¥(X,u) topology can be defined by the closure operator Avu(uoAd) (A CuX).
b) (uX,&(X,u)) is a compact T, topological space;
©) Agixwax:(uX,F(X,u))—>uX,F(X,u)) is a homeomorphism for every a € uM ;
d A:ixevx WX, FK,u)>0X,F(X,v)) is a homeomorphism for every v €J . O

special case is (uM,F(M,u)). With the F(OM,u) topology uM is a group with a compact T,
1derlying space and not only the left translations are homeomorphisms (1.11.b) but also the right
anslations and the inversion are. This space (uM, (9, u)) is some sort of prototype for the ¥ topo-
gies; i.e., we can consider the & topologies as quotients of the &(9W,u) topology.

12. THEOREM. Let ¢:X— Y be a homomorphism of minimal ttgs and define the map ¢, by

¢u::¢|uX:(uX,%(%’u))_)(uYa%(Gy7u)) .

Then

a) ¢, is a homeomorphism iff ¢ is proximal;

b) ¢, is a closed continuous surjection;

c) ¢, isopen.

ROOF.

a) [V 77] 2.5.8..

b) [V 77] 2.5.7..

c) It is well known (e.g. [G 76] X.3.2.) that there are proximal maps ¢ and 7 and a RIC exten-
on ¢’ such that 70¢’ = ¢oo (EGS diagram). From a) it follows that it suffices to show that ¢}, is
-open; or better, it follows that we only have to prove the statement for RIC extensions.
st ¢ be a RIC extension, x EuX and let [U,V]NuX be an &F(X,u) neighbourhood of X in
X with V=V(u) openin T and U is a neighbourhood of X in X . As ¢ is open, it will
llow that ¢, is open. First note that

&, [[U, VINuX]C o[[U,VIIN¢[uX]=[¢[U],V]NuY .

st y =uy €E[p[U],VINuY ,then y =¢(t 'x’) forsome tEV and x’EU . As ¢ is RIC we
we z:=1 x’€ ¢ (y)=uoud(y). Let {t;}; beanetin T with t, »u andlet x; Eudp=(y)
: such that z =lim#x; . Since left multiplication with ¢ is a homeomorphism we have
ixi—>tz =x' and #; ->tu , hence ttiu >tu . Ast €V =V (u) we have tu € intM(clsr[V]ﬂ M),
' tt;u € inty (clST[V]ﬂ M) eventually, hence 1, € V(u) =V eventually. Also t;x; € U eventu-
ly, so we can find some iy such that X, €U and ;€ V . This shows that

— -1 -1
x,—o—(tt,-o) .tt,—ox,-OEV U,
v X €U, V]Nué™(y). Hence x; €[U,V]NuX , while ¢(x;)) =y and so it follows that
€ ¢, [[U,V]NuX], which implies
o (U, VINuX]=[o[U],V]NuY

case ¢ is a RIC extension. O




\s every minimal ttg % is a factor of 9, it follows from 1.12. that (uX,%(%X,u)) is an open,
losed and continuous image of (uM,F(M,u)) . So (uM,F(ON,u)) plays a central role in the obser-
rations about {-topologies.

-et % be a minimal ttg, xq=uxo€ X . Then define the Ellis group &(X,x,) of % with respect to
X0 by

&(K,x0) = {a€uM | axo=xo} (= uM Np;(x0)).

“learly, &(%,xo) is a subgroup of uM . As p, :awaxg:IM—X is a homomorphism of minimal
tgs and (uX,¥(X,u)) is Ty, it follows from 1.12.b that &(%,x() is F(IM,u)-closed.

Vote that, by 1.12.a, ¢: %X — 9% is proximal iff (X, uxg) = &Y, ¢ (uxy)) .

On the other hand, if F is an & (9N,u)-closed subgroup of uM , then there exists a minimal ttg
A(F) defined by

A(F):={poF|pEM)C2M,
uch that F = @A (F),uoF),ie., F isthe Ellis group of % (F) with respect to uoF .

.13. The ttg A(F) is the universal minimal proximal extension of every minimal ttg % with Ellis
oup F . So let x¢=uxoE€E X be such that &(X,x¢)=F , then o:poFrspxo: A(F)—>X is the
naximally proximal extension of % .

Note that every extension :%— A (F) is a RIC extension (use 1.9.b and the universality of A (F) ).

et ¢:X—%Y be a homomorphism of minimal ttgs, x EuX , y =¢(x) and F =&,y). Then
u¢~(y) = Fx . Let ¢, denote the ¥ (X,u) neighbourhood system of x in Fx . Define ([V 77])

E(x):=E(x,¢,u)= ({clge,o¥ | UEN,}.

“or p,:prpy :M—Y we have H(F):=E(u,p,,u) is the smallest F(IM,u)-closed normal sub-
sroup K of F such that F/K is a CT, topological group.

3y 1.12,, it follows easily that E(x) = H(F)x . It turns out that {E(x’)|x’€ Fx} forms a partition
f u¢<(x) and that F/H(F) acts on it as a CT), topological group. This is what we meant with imi-
ating the compact group action (discussion after 1.9.). Paraphrazed we may say that in H(F)x we
:ollect all the non-equicontinuous garbage for ¢ in u$~(y), which might be illustrated by the follow-
ng theorem ([E 73] 5.4., 6.3.).

|.14. THEOREM. Let ¢:X—%Y be a Bc extension of minimal ttgs, x EuX and F =&%,¢(x)).
Then E4[x]=Jyx)H(F)x (andso S(X/E4,E4[x]) = H(F).G(X,x) ). O

Che next lemma is a slightly modified version of the crucial idea in [V 77].

[.15. LEMMA. Let ¢:X—>% be a homomorphism of minimal ttgs, x €EuX , F=&%,¢(x)), and
denote by N, the collection of (%X ,u) neighbourhoods of x in u¢p“¢(x)=Fx . Then

uoFx NJH(F)x CuoU forevery UEN, .

'ROOF. Let U be an open {(X,u) heighbourhood of x iln Fx . Then O0:={f€F|fx€U} is
in F(M,u) open neighbourhood of u in F,s0o 0NO is an & (IM,u) neighbourhood of u in




-1
F, hence V:=(0NO )x isan open &(X,u) neighbourhood of x in Fx and V CU . Note
1at V is symmetric in the sense that for f € F we have fx €V iff f~!'x €V , and remark that
g ax,u)V 1S symmetric too.
define A :=intgx, 4\ Clgx.»)V in the relative §(X,u)-topology on Fx . We claim that

{A}U{gV |g €EF and gx & clgx )V}

s an (%X, u)-open covering of Fx . As follows:
et f EF besuchthat fx¢# A4 ;ie,

fx € Fx \ 4 = clys,u)(Fx \ clgx,u)V) -

o we can find a net {f;x}; with f;x € Fx \clg«, )V such that f;x —fx in the F(X,u)-
spology. Since

Ap—1 (Fx, & (X, u)) = (Fx, 5 (X, u))
s a homeomorphism, f _1fix —x in the §(X,u)-topology. As V EN, , there is an iy with
f_'fiox €YV and by symmetry of V , f,»;‘fx €V . Hence fx€f;V , where f; €F issuch that
f iX € Fx \ clg,4)V , which establishes our claim.
ly compactness, there are finitely many g € F with g x & clg o, )V ,say g1, ...,8 , such that
FxCcAU J{gV]|i€e{l,...,n}}.
s {AYU{gV |i€{L,...,n}} is a finite collection it follows that
uoFx =uo(AU J{gVI|i€L....,n}})==uodU |J{uogV|i€{l,...,n}}.
Jow let x’€JH(F)x NuoFx ,say x’=vwpx forsome vEJ and p € H(F). We shall prove that
x’=vpx EuogV forevery i €{1,...,n}. It then follows that
X'€EuoA Cuoclye )V =tou(oV)CuoV,

/hich proves the theorem. Suppose wpx EuogV , then

x=ux =up ypx Eup NuogiV)C =up 'woupup 'g;V)C

1

Cu(up™ oupoup”lgiV) = u(uoup“lg,-V) = clgg(gc‘u)up_]g,'v .

\s H(F) is a normal subgroup of F and g € F we can find ¢ € H(F) such that wp~'g =gq ,
0

x € clg@,u)&qV = &iClg@,u)qV C & Clg o, yHF V.

Jut  cly e, H(F)V Cclg@,u)V . For, let vEV then VEN, , so E(v)Cclyx,.V for every
vEYV ;as E(v)=H(F) , HF)V Cclg«,,)V and consequently, cly e, ,)H(F)V C clge, )V -

“his shows that xEgclyx.,)Y and so g 'x Eclyx,,)V . By symmetry of clye.u)V »
g: X € cly .4V , which contradicts the choice of g; . ' O




Now we are ready for the main theorem of this section.

.16. THEOREM. Let ¢:X—%Y be a homomorphism of minimal ttgs, x €uX and F = &%, (x)).
a) If ¢ is a RIC extension then E [x]CuoU for every U EN, ([V 77]2.6.1.).
b) If ¢ is a Bc extension then E4[x]CJoU for every x'€ ¢“¢(x) and every U E N, .

'ROOF. As the proof of a) is similar to that of b), we just prove b).

b)Let #EN, and let x'€E¢"¢(x)=¢"¢(x"). By 1.6, ¢“¢(x)=J,0up~¢(x); so from
.14. it follows that

E4[x]CJy 0 Fx ﬂJ¢(x)H(F)x .
et zE Ey[x],say z EvoFx NJH(F)x for certain v €J,.. Note that
voFx =vouvFx CvuovFx =vovFx =vovuFx CvouFx =voFx ,
0 voFx =vovFx =vovFvx and z €EvovFvx NJvH(F)vx . Applying 1.14. to vx it follows that
vovFx NJvH(F)yx Cvovl .
\s vovld =voull =vol (similar to voFx =vovFx ), we may conclude that
z€voFxNJH(F)x =vovFx NJVH(F)vx Cvovlh =voll .

“onsequently E4[x]CJ ol . O

.17. COROLLARY. Let ¢:X—%Y be a Bc extension. Then E,= Q.

'ROOF. Let x€ X , and u€J, . By 1.16.b with x"=x we know that E4[x]CJ,oU for every

UEN, . Let aEUy and let U be a neighbourhood of x in X (usual topology) such that
UXUCa. By 110, there is a V =V(u) open in T such that VxCU . Define

=[U,V]Nu¢p~¢(x) . Then
(X)X Eg[x]C {x) X Jx oV =Jy o ({x}X V).
\s, clearly, {(x}XVCV L(V¥xXUNR,)C TaNR,, it follows that
(x}X E4[x]CJco({x}X V)C TaNR,.

iince a € Uy was arbitrary, we have {x } X E4[x]C Q4,50 Ey[x]C Qq4lx].
3ut x and u €J, were arbitrary in whole discussion up to now, so it follows that E, = Q. O

Ne can do better than the corollary above as will be shown in 3.7..
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. RELATIVIZED WEAK DISJOINTNESS

n this section we relate weak disjointness of maps and that of their maximally almost periodic factors.
“or that we need to keep control over open sets, which can be done by means of a fair amount of
ypenness in the maps involved.

'.1. LEMMA. Consider the next commutative diagram of surjective homomorphisms of tigs:

K
X —> X %Y

0
¢ ¥
Z

and let :Ryy— Z be the obvious map (n(x,y) = ¢(x) =¢(y) )

a) If ¢ or  is open and ¢ or ¢ is semi-open then m is semi-open, and for every nonempty
open W CRyy there are open sets U and V in X and Y  with
G FUXVNRGWCW and ¢[U]=y[V].

b) If m and k are semi-open then kX idy:Rg4,— Rgy is semi-open.

>ROOF.

a) Without loss of generality let ¢ be open and ¢ semi-open and let W C R,, be a nonempty
pen set in Ry, . Let U’ and V' be openin X and Y such that @ 5= U'XV'NRGCW .
Then U’N¢“y¢[V’] is nonempty and open so by semi-openness of ¢, O:=¢[U' N Y[V']]° is
10nempty and open. define U:=U’'N¢[0] and V:=V'NY~[0O]. Then as is easily seen,
1) 0 CeélUINY[V'ICn[W],so n issemi-open;
i) @ #UXVNRGWCW and ¢[U]l=y[V]=0 .
which proves a).

b) Let W be nonempty and open in Ry, and let U and V be asin a). Semi-openness of
k implies k[U]° % @ and as ¢[U]=y[V] it follows that k[U]°X VN Ryy 7 @ ; hence
kX idy is semi-open. O

[n the following remark we collect some situations in which 7 is semi-open and that are useful for our
purposes. So consider the next diagram:

2.2. DIAGRAM.

with % and ¥ minimal and % not necessarily minimal.
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2.3. REMARK. Consider diagram 2.2.. In each of the following cases m:Ryy— Z is semi-open (and, by
minimality of X, also kX idy:Rg4y— Rgy is semi-open).
a) ¢ and Y satisfy gBc;
b) ¢ is open;
c) ¢ isopenand Y has a dense subset of almost periodic points;
d) ¢ isopen, ¢ is a RIM extension and Y has a dense subset of supprim points.

PROOF.

a, b and c are obvious from 1.7. (and 2.1.).

d) As ¢ is open in the supprim points, there is a dense subset of Y in which ¢ is open, hence
Y is semi-open. ' d

2.4. THEOREM. Consider diagram 2.2. and let ¢ and  satisfy one of the conditions in 2.3.. If for
every nonempty (basic) open set U X V N Ry, there is an open set U =E4U] in X such that
@ #UXVNRGWCTWUXVNRyy) then ¢y iff 0.

PROOF. As kX idy[R4y] = Rgy, ¢ - implies 6 -y .

Conversely, suppose 0 -4 . Let UX VNR,, be a nonempty (basic) open set in Ry, and let U
be as in the assumption. Clearly, as «“k[U]=U, «[U] is open in X/E, and
k[U]X VNRyy7# & . So, by ergodicity of Ry, T(k[U]X VN Ryy) is dense in Rgy. As
kX idy is semi-open, (kX idy)[T(k[U]X V' NRgy)] is densein R, . Hence, as

(kX idy) [Tk[UIX VN Ry =T(UXVNRGL)CTWUXVNRy),

it follows that R4y, = T(U X VN Ry,) . Consequently, R, is ergodic. a

Now we shall look for situations in which the assumptions of 2.4. are satisfied. For that we need the
following lemmas.

2.5. LEMMA. Consider diagram 2.2. and suppose that one of the conditions in 2.3. is satisfied. If every
nonempty  (basic) open set U'XV'NRyy  contains a point (x,y) such that
E4x1X {y}CTT(U'X V' Ryy) then the assumption in 2.4. is satisfied.

PROOF. We shall show that for a nonempty (basic) open set U X VN R4y with ¢[U]=y¢[V] the set
U = E4[U]:= «“[k[U]°] is such that

UXVNRGWCTWUXVNR,).

As one of the conditions in 2.3. is satisfied, the lemma follows.

Let U and V beopenin X and Y such that ¢[U]=y[V], define U:=«“[k[U]°] and remark
that UXVNR,, 5 @ . Note that it is sufficient to show that for an arbitrary nonempty (basic)
open subset U'X V'NR4 CUXVNRyy, wehave U'XV'NT(UXVNR,,) #* @, as follows:
By assumption, there is a point (x,y)E€ U’X V'N R,y such that

Eyx]1X (y}CT(U X V' NRyy).

As U’'C U =«“[k[U]°] there is an x’€ U such that x € k“k(x’) = E4[x'], so x'€ E4[x]. But
then

(' p)EUXVNE,x]1X{y}CUXVNTWU X V' NRyy),

s0o UXVNTU'XV'NRyy)# @ and U'XV'NT(UXVNRy)#~ 2 . O
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.6. LEMMA. Consider diagram 2.2.. Suppose  is a RIM extension, Y has a dense subset of supprim
points and ¢ and  satisfy one of the conditions in 2.3.. Then every nonempty (basic) open set
UX VNRy, contains a point (x,y) such that E4[x] X {(}ICTWUXVNRyy.

'ROOF. By 2.3. and 2.l.a, we may assume that ¢[U]=4¢[V]. As the supprim points are dense in
Y , there is a section A for ¢ and a y € VNsuppAy,). Let x €U be such that ¢(x) =¢(y).
Chen, by 1.2,,

E,[x] X {(y}C Eylx] X (¥ NsuppAy)C T({x} X VNRG)CT(UX VNRyy). -

)7. LEMMA. Consider diagram 2.2.. Suppose ¢ is a RIC extension and let (x,y) be an almost
periodic point. If UXVNRg, is a basic open neighbourhood of (x,y) in Rgy, then
Eglx]X {y}CT(UXVNRyy).

)ROOF. Let v €J be such that v(x,y)=(x,y). By 1.10,, there is an open set W = W(v) in T
uch that Wy C V . Define U:=[U,W]Nv¢~¢(x). Then U is an &(%X,v) neighbourhood of
x in v¢~P(x).Let x’EU , then x'E t~'U for some t € W , so

(x"y)Et NUXty NRy)Ct (UX Wy NRy)CTWUXVNRy).

Consequently, U X {y }C T(UXVNR,,) and so, by 1.16.a,

E [x]X {(p}CveX (y NCTWU X VNRyy).

2.8. THEOREM. Consider diagram 2.2.. In each of the following cases we have ¢ iff 0 ¢ :
a) ¢ is a RIC extension, ¢ and { satisfy gBc (or equivalently, Y has a dense subset of almost
periodic points);
b) ¢ is a RIM extension, Y has a dense subset of supprim points and one of the conditions in
2.3. is satisfied.

PROOF.
a) Follows from 2.7, 2.5. and 2.4..
b) Follows from 2.6., 2.5. and 2.4.. O

2.9. In order to prove 2.11., the Bc version of 2.8. (thus generalizing [V 77] 2.6.3.), we consider a com-
mutative “double” diagram similar to the one constructed by VEECH in [V 77], as follows:

&
A(X) AE® < %
l \QI (%)/E¢ / l T
. ‘EE v Y
\ wE /

Here H:=®,x;) and K:=®&%Z,zo) are the Ellis groups of % and £ with respect to




14

xo=uxg and zg=uzy, ¢':A(H)—->A(K) is the RIC extension defined by po HspoK , o and
n are the maximally proximal extensions of % and £ (1.13.). Then the ttg y’ is a subttg of
Y X A(K) defined by

Y'={@p,pK)|y Epouy~(z0)},

and the maps ¢/: % - A(K) and 7:% — % are just the projections.

The following facts are easily verified:

1) Y’ is T-invariant and closed in Y X A (X)) ;

ii) Y’ has a dense subset of almost periodic points;

iiil) 7: Y —% is proximal and 7 is a surjection iff Y has a dense subset of almost periodic points.

As o and 7 are proximal and ¢ and ¢’ are Bc extensions; it follows from 1.14. (remark between
parenthesis) that £ is proximal. :

We shall need the following lemma about lifting of ergodicity.

2.10. LEMMA. Let ¢:X—%Y be a surjective proximal homomorphism of ttgs and let X have a dense
subset of almost periodic points. Then X is ergodic iff % is ergodic.

PROOF. Clearly, if X is ergodic then % is ergodic.

Conversely, suppose that % is ergodic. Let A CX with A4 = TA and A°= @ and let
B:=X\A . Then B=TB and X =AUB .

As ¢[A]U¢[B]=¢[X]=Y , ¢[4] or ¢[B] must have a nonempty interior in Y , and so, by
ergodicity of ¥, ¢[A]=Y or ¢[B]=7Y .

Suppose that ¢[4]=7Y . Let x€ X be an almost periodic point. Then for some a€A4 ,
¢(a)=¢(x). As ¢ is proximal, ¢ and x are proximal and by almost periodicity of x we have
that x € Ta C TA = A . Consequently, every almost periodic point in % isin 4 ,s0 X =4 .
Suppose that ¢[B]=Y then, similarly, it follows that X = B ; which contradicts the assumption of
A°# @ .

Hence X =4 and % is ergodic. a

2.11. THEOREM. Consider diagram 2.2. with ¢ a Bc extension and ¢ and  satisfying gBc. Then
b=y iff 0-y.

PROOF. Construct the diagram in 2.9. and suppose that 6 - ¢ . As ¢ is a RIC extension (1.13.) and
as ¥ has a dense subset of almost periodic points, Rgy has a dense subset of almost periodic points
(1.9.). By 2.10,, it follows from the proximality £ X7 that Rgy is ergodic, so 6 - /. As ¢’ isa
RIC extension (1.13.) and as %’ has a dense subset of almost periodic points, ¢’ and ¢/ satisfy gBc
(1.9.). By2.8.a, ¢/ —{/.Since 6 X T[Ryy]l= Ry, , it follows that ¢ - ¢ . O

A homomorphism of ttgs ¢: X —Z is called n —weakly mixing iff Ry is ergodic.
If ¢ is 2-weakly mixing then ¢ is just called weakly mixing.
If ¢ is n-weakly mixing for every n €N, then ¢ is called totally weakly mixing.
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1.12. THEOREM. Let ¢:X—Z be a homomorphism of minimal tigs with E4 =R, .
a) If ¢ is n-Bc then ¢ is n-weakly mixing. In particular, if ¢ is n-Bc for every n €§ (e.g.
¢ is a RIC extension) then ¢ is totally weakly mixing.
b) If ¢ is an open RIM extension then ¢ is totally weakly mixing.

>ROOF. Consider diagram 2.2. and note that E, = R, implies that 6 is an isomorphism. So, under
he conditions in 2.8. and 2.11., we have ¢_- ¢ iff % is ergodic. We shall prove the statements by
nduction.

a) First note that R} = R, is ergodic (apply 2.11. to ¢ and ¢ ). Assume R is ergodic for
sertain m with 2<<m <n . Then define Y:RY —Z as a restriction of ¢™ . By 2.1l and the
dbservation that Ryy = RJ , it follows that Ry, is ergodlc So, as R”’+1 = Ryy, R¢ is
rrgodic.

b) As % is minimal, the supprim points are dense in X , so R, is ergodic (apply 2.8.b to ¢
ind ¢ ). Define y: Ry —Z as a restriction of ¢™ . Then A™ is a section for ¢ (A a section for
¢ ). As ¢ is open, one sees readily that ¢ is open and that the supprim points are dense in RJ .
Suppose R7 is ergodic, then application of 2.8.b to ¢ and ¥ shows ergodicity of Ry *' . g

1.13. We shall now turn to a generalization of [P 72] 6.11. and [M 78] 1.9.. Consider the next diagram
>f homomorphisms of minimal ttgs:

)

?X,/E¢_——_—> Z 4——-———@/5'4,

We are interested in the question whether or not 6y _- 64 implies ¢_-y (the other way around is
>bviously true).
“irst we shall show that Oy - 0y iff O L Oq .

1.14. LEMMA. Let ¢:X—%Y be a surjective homomorphism of ttgs. Let X'C X be a closed invariant
subset of X such that
@ olX1=Y
(i) ¢|x:X'—>Y isopen.
If X is ergodic then X = Q4[X'].

ROOF. Let x €X and let x’€ X’ be such that ¢(x")=¢(x). As X is ergodic it follows that
x'€ Ta(x) for every a€ Uy ; so for every a€ Uy we have a(x)NTa(x)* S . For a€ Uy
et x,€a(x) and ¢,€T be such that ¢ x,€Ea(x’). Then x,—»x and t,x,—x’; so
tad(x)—>0(x’). As ¢|x is open, there are x,€ X’ with ¢(x}) = ¢(x,) such that ¢,x,—>x’.
Let for a suitable subnet z =limx, . Then z€ X’ and (x,z)€EQ,. Hence x € Q4[z] and so
X C0O,lX. O




~15. THEOREM. Let ¢:X—%Y be an almost periodic extension with X ergodic and % minimal. Then
X is minimal.

'ROOF. Let X’ be a minimal subset of X . As ¢|y- is almost periodic, ¢|x- is open. From 2.14. it
ollows that X = Q,[X'] . As ¢ is almost periodic, Q, =Ay ,s0 X = X’. O

.16. As 0y and 04 are almost periodic extensions, X 0@:@,&\_%4% is almost periodic too. By

ninimality of £ and 2.15,, it follows that fx - 04 implies 0y L 64 . The other way around is trivial.
Vote that with little extra effort (AW 81]) one can prove the following

THEOREM. Let ¢ and  be HPI extensions of minimal tigs such that ¢ and v satisfy gBc, then
o iff ¢ L. Inparticular this holds for distal maps ¢ and ¢ .

.17. THEOREM. Consider the diagram in 2.13.. In each of the following cases we have ¢ - iff Ox - O
iff Ox L 0.
a) ¢ is a Bc extension and ¢ and { satisfy gBc;
b) ¢ is a RIM extension and ¢ and { satisfy gBc;
c) ¢ is a RIM extension and ¢ or  is open.

'ROOF. Consider diagram 2.13.. As almost periodic extensions of minimal ttgs are open RIM exten-
ions, it follows from 2.8.b that Oy -  iff Oy - O iff ¢ 64 .

a) Assume 6y - 0q . Then, by the above, 0y -y . Hence, by 2.11., ¢ - ¢ .

b) and c) Assume 60y - 0y . Then, by the above, 0y - ¢ . As ¢ and ¢ satisfy one of the con-
litions in 2.3., it follows that - ¢ (apply 2.8.b with ¢ and ¢ interchanged). a

.18. COROLLARY. Let ¢:X—Z be a homomorphism of minimal tigs with E, = Ry . If ¢ is a RIC
extension or an open RIM extension then ¢ is weakly disjoint from every homomorphism
V:Y—>Z of minimal tigs.

'ROOF. As E, =R, implies # to be an isomorphism, this follows immediately from 2.8.a or 2.17.c.]

.. A VARIATION ON REGIONAL PROXIMALITY

n studying the equicontinuous structure of a ttg, the notion of the regionally proximal relation is fun-
lamental. It expresses how far the ttg is from being equicontinuous ((uniform) almost periodic). For a
leeper understanding of the bad behavior of certain points that keep the ttg from being equicontinu-
s, we need a more detailed knowledge of how the regionally proximal relation is produced and why
ransitivity occurs in the standard cases in which it does.

.et us recall that the regional proximal relation Qg is the set of points in X X X , such that there
xist nets (x;,y;)—>(x,y) in XXX and {f,}; in T such that 7 (x; ,yi)—(z,z) for some
z € X . Here all that is required is the existence of such a net {(x;,y;)}; without regarding the way
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t approaches (x,y). Thus there might be "few” such nets for one pair in Q¢ and “many” for an
sther pair, which results in a difference in dynamical behavior of the pairs. It is difficult to define the
wtion of “few” or “many”. Eventhough, intuitively, the abundance of nets (x;,y;) approaching
(x,y) in a regionally proximal way should be clear to the reader; which, roughly speaking, means that
n every direction there is such a net.

Now with the above discussion in mind, the meaning of the following notion is clear.

“irst a rough description. Let x and y be elements of the ttg % . we say that (x,y) is a sharply
‘egionally proximal pair iff for every net {(x;,y;)}; tending to (x,y) there is a net {(x},y})}

vhich is suitably close to the original net but which has the property that there are # € T such that
ti(x7yi)—>(z,z) for some z€&€ X . Therefore, the net {(x;,y;)}; provides a direction and
{(x7,y7%)}i is the one that makes the pair (x,y) regionally proximal and that follows the direction if
t is suitably close. Clearly, this notion has a relativized version, that is defined for a homomorphism
¢: X —>Y of ttgs. Now, the rigourous definition follows.

et ¢:X—>%Y be a homomorphism of ttgs. We say that (x,,x)€ R, is a sharply regionally proxi-
nal pair iff given some net {(x},x5)}; in R, converging to (x;,x;) and given neighbourhoods
U' of (xi,x}) in R, there exist (after passing to suitable subnets) # in 7 and (x},x5)€ U’

juch that 7(X} ,x5)—(z,z) for some z € X .

Jenote the collection of sharply regionally proximal pairs for ¢ by QF .

[he following remark is another way to formulate the notion of sharp regional proximality. The proof
s straightforward, thus omitted.
.1. REMARK. Let ¢:X—%Y be a homomorphism of ttgs. Then

0§ = N{intg (TaNRy) | a€E Uy} .

O
}.2. EXAMPLES. Let ¢:%X—%Y be a homomorphism of ttgs.
a) P,CQF CQy;s0if ¢ isproximal, Ry=P,=QF =Q,=E,.
b) If ¢ is weakly mixing then R,= Q¥ =Q,=E,.
c) If ¢ is almost periodic then Ay = E,= Q4= Qf =P,. O

he following example shows that there are minimal ttgs for which Q = Q¥ . Moreover, it shows
hat if ¢ and ¢ are homomorphisms of minimal ttgs with Q, = Q;f and Q,=QF then Q,.,
ind Qf°¢ may be different from each other.

.3. EXAMPLE. Let % be the fourfold covering of the minimal proximal rotation. Then
0§ # Qa# Eq.

’ROOF. Let T be the free group on two generators. Let X be the circle, define a: X - X by
a(x)=x+a (a irrational) and define b: X - X by b(x)= x%. Then a and b are homeomor-
>hisms of X , and % is a minimal proximal ttg for T(a,b), the minimal proximal rotation. Let
Y be the circle and define the map c:Y—>Y by c(y):=y+%a and d:Y->Y by
d(y):= Yk +4(y~%k)2 whenever k<4y<k+l1 ke{0,1,2,3}). Define the ttg
Y:=<T(c,d),Y> andlet ¢:Y—%X be defined as ¢(y) =4y (mod 1) . Then ¥ (or better ¢ ) is
he fourfold covering of X .

Note that Pyq=Q& =Qq=Eq=XXX; and that ¢ is almost periodic, so that




Py=0f =Q4,=E,=Ay.

Dbviously, % does not admit nontrivial almost periodic factors, in other words Eq =Y X Y . As ¢

reserves distances, it is not difficult to see that (y,y’)€ Qg iff the distance (mod 1) between y and
y’ is smaller then or equal to %4. So Qg 5% Eq .

f the distance between y and y’ equals Y%, then we can approach (y,y’) with pairs with a distance
rreater then Y (from the outside), which shows that (y,y")& Q& . So Q4 5% Q¥ . O

An indication of the power of sharp regional proximality is given in the following theorem, which hints
it regional proximality of second order as will be discussed in section 4.

4. THEOREM. Let ¢:X— %Y be a homomorphism of minimal tigs.
a) Let (xl,x2)€_R¢. If T(xl,xz)ﬂQf #* & then we have (xl,xz)EQf, and so

T(x1,x)C Q4 C Q-
In particular, if Qo= QF then Q, contains the orbit closures that have a nonempty intersec-
tion with Q.
b) Let (x;,x,)€E Q.f and let {(x},x5)); be a net in R, converging to (x,,x;). Choose
{t;}i in T and (for a suitable subnet) let (z,,z;) =lim¢t;(x},x5). Then (z,,z,)€E Q.
o If JQFCQf (eg QF is closed, in particular if Q,=Q¥ ) then
QF 0Py =PyoQf =0QF .
'ROOF.
a)If T(x;,xy)N Qf # & then T(x,,xz)ﬂintR¢(Taﬂ R,) #* @ for every a€ Ay , and so
T(xl,xz)ﬂintkd’(TaﬂRq,)% @ . But then it follows that (xl,xz)eintR¢(TaﬂR¢) for every

@€ Uy and, consequently, (x,x)€ QF .
b)Let a€Uy. As (x;,x9€ intR¢(Taﬂ R,), there is an i(a) such  that

(x},x5)e intR¢(TTﬁR—¢) for every i=i(a). But then, also, #(x},x5)€ intR¢(7_’m) for every
i=i(a) and so
(z1,2) = lim;(x} ,x5)E TaNR,.
\s a was arbitrary it follows that
(z1,22) €E N {Wl aEUy} = Q.

c)Let (x;,x2)EP, and (x3,x3)E Qf . Let I be a minimal left ideal in Sy such that

px| = px, forevery p €1 and let velJ ). Then
v(x1,X3) = (x1,Xx3) = (vX2,X3) = v(x2,x3)EJ.QF COF .

by a, it ‘follows that (x1,x3)€QF . Hence QFoP,CQ¥ . Clearly, Q¥ cofoP,, so

QF oPy=0Qf . In a similar way it follows that P,ocQ¥ = Q¥ . O

lefore we can use some results of the preceeding section in order to understand the equality
Ey=Q,=0F , we need the following lemma.
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3.5. LEMMA. Let ¢:X—%Y be a homomorphism of minimal ttgs and let «:%— %/E ¢ be the quotient
map and 0:%X/E,—% the maximal almost periodic factor of ¢. Denote the collection of
nonempty open sets in X/E, by O. Then

Ey= N{T&TUIX&TUINRY | UEO) = N(T U] Xk [UINR,) | UEO).

PROOF. Let U€ 0 and (x;,x,)€ E, . Then for some t € T we have tk(x)) =tk(x,)€ U and so
(x1,x) €KtV X k[t T'UINR,C T(k[UIX k" [UINRy).

Hence

EsC M{TETTUIXKTUINRY | UEOIC N(TETU] X k[U] NRy |ueo}).
On the other hand,

kX k[ ({T&TUIX K TUINR,) | UEOC N {T(k X k(x[U] X < [U]NR,) |UE B} C

CMH{T(UXUNRY|UEO) = Q= Ay, .

S0 (M{TE[UIXkT[UINR,) | U€EO)C (x X K)*‘[AX/E¢] =E,. 0

3.6. THEOREM. Let ¢:X—% be a homomorphism of minimal ttgs and let «:%— %/E s be the quo-

tient map and 6:X/E,—%Y the maximal almost periodic factor of ¢ . Then the Sfollowing state-
ments are equivalent:
) E,=0,=0f ;
b) for every aE€ Uy there is a nonempty open set V in X such that V =E V] and
VXVNR,CCTaNRy;
c) for every open set U in X there is a nonempty open set V in X such that V =E V]
and VX VNR,CT(UXUNR,).

>ROOF.

b= cAs X is minimal, T(UX U) is an open set containing the diagonal for every open U
n X .Hence a:=T(UXU)EUy .

c=bFor every aEQUy there is a BeUy with B=pB"'" and B°Ca. Then
B(xX)XBx)NRyCanR, for every x €X and so there is a nonempty open U in X with
T(UXUNRZYCTaNRy,.

b=alet a&Uy. By assumption, there is a nonempty open set V¥ in X with
V=E4[V]=«"x[V] and VXVNR,CTaNRy. As k[V] is open in X/E, it follows from 1.5.
hat

E,C T k[VIXkk[VINR) =TV X VNR,).

0 E,CT(VXVNRG)C I'TaNRy=TaNR, and as T(VXVNR,) is an open set in R,
E,Cintg (TaNRy) . As a€ Uy was arbitrary, it follows that E,C QF C Q,CE, .

a = b Let V be the collection of nonempty open sets ¥ in X with ¥V =E,[V]. Suppose
here is an a € AUy with

VXVNR,N (XX X\TaNR,) % @

orevery VeEV.




20

Define
X(V)=TV X VNRY\intg (TaNRy),

then JC(V) is closed and nonempty for every ¥V €Y. As V is closed under finite intersections and
invariant under T , it follows that {IC(V) |V € V} has the finite intersection property. Hence

H:= N {XWV)|VET)+# & .

By 1.5, HCE, énd by construction H N Q;f = @ , which contradicts assumption a. O

3.7. THEOREM. If ¢:%X—% is an open RIM extension or a Bc extension then Ey=0,=0F .

PROOF. First we shall show that E,=Q, = Qf if ¢ and ¢ satisfy the conditions in lemma 2.5..
As follows:

Let U be a nonempty open set in X . By 2.5, there is a nonempty open set U with U = E slU]
such that U =«k“[«k[U]°] (for ¢[U]=¢[U]) and

@ #UXUNR,CT(UXUNRy).
Again by 2.5. and by the facts that ¢[U]=¢[UNU] and U =k [k[U N UJ°] it follows that
@ # UXUNR,CT(UXUNRy).

Hence UX UN R,C T(UXUNRy) and the theorem follows from 3.6..

By 2.6., we know already that an open RIM extension ”satisfies” the conditions in lemma 2.5., which
proves the theorem for the open RIM case.

Suppose that ¢ is a Bc extension. Let U;X U,N R, be a nonempty (basic) open set in R, and let
(x1,x2)€ Uy X U;N R, be an almost periodic point; say (x;,x;) = u(x;,x,) for some u €J . We
shall show that

Eg[x)] X {x} CT(U; X U,NRy).

Let V¥ be an open set in T with V=V(@u) and Vx,CU, (1.10.). Define
U:=[U;,V]Nu¢p“¢(x;), then U is an F(X,u)-neighbourhood of x; in u¢p=¢(x;). Consider

an arbitrary x'€U; say x'=t!z for some eV and z€U;. Then
(x',x2) =17 (z,1x)) ET(U;X Uy) , 50 (x',x3)€ T(U; X U;NRy) . Hence

UX {x3)C T(U X UNRy).

By 1.16.b, E¢[x1]gJX2ou , SO

Eglx1) X {x2} T o U X {x2} =J, 0 UX {x2})CT(U ;X U;NRy).
Therefore ¢ and ¢ satisfy the conditions in lemma 2.5.. This proves the Bc case. d
3.8. The truth of 3.7. is the consequence of certain incompressibilities. As those incompressibilities are

preserved under factors, it is natural to ask whether the property E4,=Q,= QF is preserved under
factors too. To that end we consider the following diagram of homomorphisms of minimal ttgs:
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3.9. THEOREM. Consider the diagram in 3.8.. If { is open then Q= Qf implies Q¢=QF .
In particular, if { is open then E,= Q4= Qf implies Eq= Q4= QF .
PROOF. If ¢ is open then ¢ Xy| R, Ry;—>Ry is an open homomorphism of ttgs. For

VXY XXX >ZXZ is open and Ry = (Y X{)7[Rg]. Let aE€E Uy ; then there is a BE AUy
such that ¢ X ¢[B]C a , hence

TYXY[BNRJC TaNRy.
Since Qg =1y X ¢[Q4] (MW 80] 3.2.), we have, assuming that 'RQf = Q¥
Qo =¥ XY[Q1C ¥ X y[intg (TBNR,)] .
As ¥ X y|g, is open
Q4 Cintg, (¥ X Y[TBNR,)) = intg (TY X Y[BNR,]) .
Hence it follows that
Q4 C intg (TY X Y[BN RG] C intg (TaNRy)

As a €Uy was arbitrary, it follows that QoC QF ;s0 Qs=0fF .
(In particular, if E4 = Qg then, by [MW 80] 3.2., 3.3, it follows that Eg= Qg .) O

3.10. THEOREM. Consider the diagram in 3.8. If Qo =W XY)T[Qg] then Q4= Qf implies
Qs=0F .
PROOF. Let BE AU, and let a € Ay be such that ¢ X Y[a]C B . Then

YXY[TaNR)C Ty XY[a]NRyC TBNR,.
Suppose Q,= QF then
Qs Cintg (TaNRy) = Ry\ clp (Ry\ (TaNRy)).
As Q4= (¥ X ¥)7Q9= () X ¥)~(¥ X ¥)[Q,] it follows that
Qo =¥ X Y[Qe] C¥ X Y[R\ ¥ X Y[clg (R \ (TaN R)IC Ry\ clr (Ro\ ¥ X $[TaN R, =
= intg ( X Y[TaN R Cintg (TY X Y[a]NRy) C inte (TBNR) .

As B was arbitrary this shows that Q,C QF . : O
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11. REMARK. Consider the diagram in 3.8.. If E,=Q, andif Ry,C Q, then Q6= X P[] .

ROOF. Note that ¢ X ¢[Q,]=Qy, hence Q4 C (Y X ) [Qg]. Let (x,,x,)E ¥ X ) [Q¢] . Then
lere is a (z1,z2)€ Qg such that ¢ X (z,,z5) =¢ X ¢ (x,,x,). But then (x1,z1)€ R, and also
x3,22)€ R, . Hence

(X1,X2)E RyoQyoR,CQF ,

dso (x1,x)€EE,=Q,. Od
y now we are able to prove that the equality E, = Q,= QF is preserved under factors.

12. THEOREM. Consider the diagram in 3.8.. If Eq= Q,=QF then Eg= Q4= 0QF .

ROOF. Note that E, = Q, implies that E4= Q.
ow consider the following diagram of homomorphisms of minimal ttgs.

X

t ki X->X/Qy and A:Z—>%/Qp be the quotient maps. Since ¥ X ¢[Q,] = Q4 there exists a
uque homomorphism p:%/Q,— %Y/Qg such that Aoy =pox . As a= Bou, p is almost pgriodic.
t x€uX, z:=y(x) and note that (x(x),z)E R, . Define W:=T(k(x),z), then W isa
inimal subset of R\ (for J, CJ)NJ, )and W projects onto X/Qy and Z by m and m,
spectively. It is an elementary exercise to show that 7, is an almost periodic map (p is almost
riodic!), so m, is open. Define x:W—>%Y by x=aom and let &:%X—W be defined by
(x)=(k(x),z). Then ¢=x0&. As, clearly, R;CR,=Q, it follows from 3.11. that
'o = (£ X 6)[Q,] . Hence by 3.10., we know that 0= Qf . As x=0om, and m, is open it fol-
ws from 3.9. that Q4= Q§ , which proves the theorem. O

3.7. we have seen that Ey,= Q4= Q;‘f in the case of open RIM extensions and of Bc extensions.
the equality of those three relations a coincidence? We shall see that it is not; at least, we shall see
at in several situations the equality of Q4 and QJ implies E,= Qs=0F . Whether or not
nsitivity of Q, implies Q,= QF is unknown.

rst we introduce some notation:

t ¢:X—>%Y be a homomorphism of minimal ttgs. Let (x,,x,)E R, and p € St . Then define

px(x1,x2):= ({poV |V is a neighbourhood of (x;,x;) in Ry} .

early, px(x1,x3) = ({po (U X U;NRy) | U; € ‘VX,_} (we denote the neighbourhood system of x
X by V).
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lote that there is some ambiguity in the notation as we do not specify the map. As we use it only in
1e situation of one specific homomorphism ¢ and never with respect to X X X , no serious problem
ill arise.

.13. THEOREM. Let ¢:X—%Y be a homomorphism of tigs (not necessarily minimal) and let
(x1,Xx2)ERy. Then (x1,x2)€E Qg Iiff there is a minimal left ideal 1 in St with
pr(x1,x)NAx 5% & forevery pET .

ROOF. Let (x,,x,)€ Q4. Then there are nets {(x},x%)}); and {t:}; in Ry and T such that

x4 ,x5)—>(x,,x;) and f(x},x5)—(x,x) for some x € X . Without loss of generality we may

ssume that the net {7 }; converges to some p € Sy . Let V' be a neighbourhood of (x;,x;) in

R, . Then there is an iy such that (x},x})E V forevery i=iy. Hence

(x,x)=lm{f;(x} ,x4) | i=ig) Elimg;V =poV .

s V' was arbitrary, (x,x)Epx(x;,x;) and so px(x|,x2)NAy * & .

“onversely, suppose that for some p € Sy we have px(x;,x)NAy #* &, say (x,x)Epx(x;,x7).
or a€Uyx, po(alx))Xa(xy) NRyYE 2% and <(aNRy° Ry> is a neighbourhood of
20(a(x)X a(xy) NRy) in 2% Let {t;}; beanetin T with t, »p in Sy . Then

t(@() X a(xz) NRy)—po(a(x)X a(xz) NRy) in 2°%.

o there is an i, such that

5 (a(x )X a(xz) NRgN (aN Ry)° # & .

lence ¢ (a(x))X a(xy) NRy)NaNRy7# & and we can find ,:=7 in T and

X{,x3)Ea(x))X a(x)NRy such that 7,(x{,x3)EanR,. Doing this for every a€ Uy , we
btain nets {ta}ue%x in T and {(xf ,xf)}aeqLX in R, such that
(xfx ,xéx)ﬁ(xl’XZ) and ta(xix ,xf‘)—*(x,x) .
“onsequently, (x;,x,)€ Q,. What we have proved by now is
(x1,x2)€E Qy iMff px(xy,x2)NAxy 7+ & for some p € St ,

ence the ”if”-part of the theorem is proved.
et (xy,x)€ Q, and define

S:= {PEST |p*(x],x2)ﬂAX # Q} .

iy the above, S % @ and, clearly, S is T-invariant. We shall show that S is closed; hence it fol-
>ws that S contains a minimal left ideal, which proves the theorem.
‘or each neighbourhood V of (x;,x;) in R, the mapping prpoV 1is continuous, hence the

1apping
V:pr (Y {poV |V neighbourhood of (x;,x;) in Ry}:St Re

s upper semi continuous. Since Ay is closed and as S is the full original under ¥ of the closed
ubset {4 €2%%| A NAy 5= @) of 2°¢ it follows that S is closed. 0
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The following remark in fact repeats and extends 3.4.a, b.

3.14. REMARK. Let ¢: X —% be a homomorphism of ttgs and let (x,,x2)E R .
a) If (x1,x)€E Qf , then px(x,,x2)C Q, for every pE€ St .
b) If px(x;,x2)N QF # @ for some p € St , then (x1,x2)€ Q4.

PROOF.
a) Let a€ Uy , then (x;,x7)€E intR¢(TaﬂR #) - So there are open neighbourhoo

and U,€ ‘VXZ such that
(x1,x)€ U X UzﬂR¢gintR¢(TaﬂR¢).

For every p € Sy it follows that

pr(x1,x)Cpo(UiX UaNRY)C T.intg (TaNRy)C TaNR,.

As o« was arbitrary, px(x;,x;)C Qg forevery p € Sr .
b) Suppose px(xy,x2)N Q;‘ # @ . Let {t;}; beanetin T with ; »p andle
be such that 8C a . Then

po(Bx)X B(x2) NRy Nintg (TaNRy) 7# 2

and as <intR¢(Taﬂ R,),R4> is an open neighbourhood of the element p o Bx)XB

2R while

L(B(x1) X B(x2) NRy)—>po(B(x1) X B(x2) NRy),

it follows that, eventually,

4 (BG) X B(x2) NRy) Nintg (TaNRy) # 2 .

But then B(x)) X B(x)) NTaNRy7* @, and as is easily seen (x;,x2)€ TaNRy .
(X],X2)6Q¢.

3.15. LEMMA. Let ¢:%X—% be a homomorphism of ttgs and suppose that Q,
(x,y)E Q4 and (y,2)E Qy. If ¢ isopenin x €X , then (x,2)€E Q.

PROOF. By 3.13.,, we can find a minimal left ideal I in Sy, p€/l and a z'€
(z’,z")Epx(y,z). Let a€EAUy and let U, Ca(x), U, Ca(y) and U, Ca(z) b
bourhoods of x , y and z in X, such that

U, XU NRGC intR¢(Taﬂ Ry)
(for U, no further conditions). As ¢ is open in x , we may assume that U,
$[U,1C 91U, ] . Since
(z',z2YEp*(y,z)Cpo(Uy, X U, NRy),

we can find nets {f}; in T and {(yi,z)} in U, XU, NR, such that p
(z',z")=lim#(y;,2z;) . Let x; € Uy be such that ¢(x;) = ¢(y;) . Then, for every i,

(xi,y)EUXU,NRy and (x;,2;)€E U, XU,NR,.

ZOLy

¢) of

ently,

Let

1 that
neigh-

1 that

and
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-et x,:=lim¢x; (after passing to a suitable subnet). Then

(x%,2)=1lim(x;,p;))Ep o (U X Uy NRyY)Cpo(TaNRG)C TaNR,
ind
(x5, z2)=lim;(x;,2,)Ep o (Uy X U, NRGYCpo(a(x)Xa(z)N Ry).

jo for every a€ Uy we can define in this way an element x,€ X . Let x’'= limx’s (after passing
o a suitable subnet). Then

(x,z")y=lim(xg,z )€ TaN R, for every a€ Ay ;
tence (x',z")€E Q4= Q¢ . And
(x,z")=lim(xg,z")Epo(a(x)X a(z)NRy) forevery ac Uy .

\s px(x,z)= (M {pel(a(x)Xa(z)NRy)|aE Uy}, it follows that (x’,z")Epx(x,z) and so that
px(x,z)NQF # @ . By 3.14b, it follows that (x,z)E Q, . O

.16. THEOREM. Let ¢:X—%Y be a homomorphism of minimal ttgs, such that ¢ is open in some point
xEX. Then Q,=QF implies Ey=Q,.

'ROOF. Let (x;,x)€Q, and (x3,x3)€EQ, and let pEM be such that x =px;. Then
(x,px3) =p(x1,x2)€ Q4 and (pxz,px3)€ Q4 ; so, by 3.15, it follows that (x,px3;)€ Q,. Let
vEJ, then

(x1,vx3) =vp (x,px3) € Q-

\s (vx3,x3)€ P, we have (x;,x3)€PyoQ,. So, by 34.c, (x,,x3)€ Q4. Hence 04s°0,C 0y
nd Q, is an equivalence relation. O

.17. COROLLARY.
a) If $:X—>% is a RIM extension or if ¢ is a homomorphism of metric minimal ttgs, then

Q4= Qq, implies Eg= Q4= Q¢ .
b) If X is a minimal tig then Qo = Q& implies Eq= Qo= Q& . O

t is not known whether or not Q4= Qf implies E, = Q, without further restrictions on ¢ . We
hall now give some other conditions on ¢ that are sufficient to deduce E,= Q4 from Q4= 0F .

.18. THEOREM. Consider the diagram in 3.8., and suppose that  is proximal. In each of the following
two cases we have Q, = Q,;, implies Eq= Q4= Q;f .
a) 0 is open;
b) Eg=QyoPy; eg, 0 isa RIM extension.

ROOF. If ¢ is proximal, then
(¢X‘P)(_[Q0]g R¢°Q¢0R¢,g P¢0Q¢0P¢,

nd so, if Q4= Q¢ , it follows from 3.4.c that (¢ X{)“[Q4]C Q4. Hence, by 3.10., Q,= Qf
nplies Qy= QF . But then, in both cases a and b, it follows that Eg= Q4 (cf. 3.16. and 3.4.c




sely). As i is proximal and as
YXY[E =Eg= Q9 =y XY[Qy],
's that E4C PyoQg4oP, . But, again by 3.4.c, this gives

EqCPyoQyoPy=PyoQf 0Py =0y . o

[EOREM. Let ¢:%X—% be a homomorphism of minimal tigs and let ¢ = @0y . Suppose ¢ is
en, RyC Qg andlet Eg= QgoPy. Then Q4= Q,f implies Ey= Q4= Q:f .

As ¢ isopen, Q,=QF implies Qp= Qf by 3.9.. Hence, by 3.4.c, it follows that
Eg=QgoPg=0Qf oPg=Qf = Q4.

y the openness of { we have that ¢ X{y:R,— Ry is an open map. We shall show that
b X $)[Qg] , hence that Q, is an equivalence relation.

LX) E W X P)T[Qg] ; then (2,,22):=v¢ X Y(x,x2)€ Q. So there are nets {(z},z%)}; in
md {4); in T such that (z},z3)—>(z1,z2) and f(z},z5)—>(z1,21). As
)E (W X ¥)"(z1,2;) and as the map ¢ X ¢:R,— Ry is open, we can find (x{,x}) in R,
at P X P(xi,xh)=(z},z5) and (x},x5)—(x;,x;). After passing to a suitable subnet let
) =lim¢ (x} ,x5) . Then

Y(x) = limgy(xh) =limg 2y =2y =limgzh = limgy(xh) =4(x2) ,

(x1,X2)ER, and therefore (x|,X2)€ Q4= Q;f . By 3.4, it follows that (x;,x;)E€ Q.
lently, (@XY)[QgC Qs and as, clearly, Q,C W X¢¥)7[Qg], it follows that
v XY)T[Q4)] - g

IONAL PROXIMALITY OF SECOND ORDER

be a ttg. It is not difficult to see that a pair (x;,x;)€ X X X is regionally proximal if we can

table pairs in the neighbourhood of (x;,x;) such that after suitable T -translations they tend to
mal pair. If we could find pairs in the neighbourhood of (x;,x;) that after suitable T -
ions tend to a regionally proximal pair, we could say that the pair (x;,x,) is regionally region-
ximal. We call it regionally proximal of second order.

be a ttg and let A C X . Then define
DA, %X):= U {p*x4 |pE ST},
pxA is defined as
prxA:= {poV|ACV and V openin X}.

. that the « defined in section 3. is in full accordance with this definition, after noting that
"pxia}.




.. REMARK. Let X beattgandlet A C X . Then
a) D(A,%) is T -invariant;
b) DA,X)=D@A,X) forevery t€T ;
c) if A isclosedthen D(A,X)= \J{D({a},X)|a€Ad};
d) if A isclosed then D(A,X) is closed.

ROOF.
a)Let x€D(A,%) and let p €Sy be such that x EpxA4 . Then x EpoV fo
V in X with ACV . Hence txEpoV forsuch V and tx Ep+ACD(A,%).
b) Note that po V =pt~'otV forevery VC X, pESr and tE€T . As

(W |WCX open,tACW)}={(tV|VCX open,4 CV}

or every ¢ € T , it follows that pxA =pt~'«x14 .

c) Obviously, D({a},%X)C D(A4,%X) forevery a€ 4 .
“onversely, let x € D(4,%) and let p €Sy be such that x €px4 . Let a€ Uy
ndex. Then there are a;,...,a, in A such that

Vo= U {a@)|i€{l,...,n}}
s an open neighbourhood of 4 (in X ). So x €EpoV, and as
poVe=UJ{poa@)|i€{l,...,n}},

ve can find a,E {q; |[i€(1l,...,n}} such that x Epoa(a,) . In this way we obtain
n A for every open index a€E Uy . Let a:=lim{a,|aE I} for a suitable subnet I

hall prove that x Ep«{a} .
et VC X be open and let {a}C V . Then there are B and y in I such that f(
yoyCB. Let 8€ I with §Cy such that asE€ y(a). Then

x Epod(as) and 8(as)Cy(@s)Cy(v(a)CB(a),

0 XEpod(ag)CpoP(a)CpoV ; hence xeEpx{a}. As a€EA =4 it f
DA, %)C J{D{a},X)|aEA).

d) Let {x;}; be a convergent net in D(4,%) and let x =limx; . By ¢, we ir
{a;}; and {p;}; in A and Sr such that x;€p;x{a;}. Let p =limp; and a =
»assing to suitable subnets. We shall prove that x Ep«{a} .

.et VC X beopenwith {a}CV . Then {q;}CV forall i=i(V). Hence

X €Epix{a;}CpioV forall i=Zi(V).
3ut then it_ follows that
X = limx,» (S limzx(Pi o V) :p o V .

As V was arbitrary, it follows that x Ep«{a} , hence x € D(4 ,%) .

The proof of the following remark is straightforward and will be omitted




2. REMARK. Foratig X, x€X and a € X the following statements are equivalent:
a) xEpxa for some p € St , in other words, x € D({a},%);
b) forevery V,EY, , and every V, EY, thereisa t €T suchthat tV,NV, % @ ;
C) thereisanet {a;}; in X with a;—>a andthereare t; in T with x =limt;q; ;
d) a€gxx for some q € Sy, in other words, a € D({x},%). O

3. EXAMPLES. Let X be attg and let ¢:X—%Y be a homomorphism of tigs. Then

a) DAy, XXX)=Q«;

b) D(Ax.%Re) = Qs

) D(Ey,Ry) =E4 andso D(Q4,Ry)CEy;

d) D(QF ,Ry)=Q,, hence Q,=QF implies D(Q4,%) = Q.
'ROOF.

a) Follows immediately from b.

b) Using 4.1.c and 4.2. this follows easily from 3.13..

c) Let 0:%X/E;— ¢[%X] be the maximal almost periodic factor of ¢ and let k:%X—%X/E s be
he quotient map. Then it is easily seen that

kX k[D(Ey, RIC DBy, k X K[Re))C Q.
\s 6 is an almost periodic extension, k X k[D(E4,%R,)]C A X/E, hence D(E4,R4y)CE.

d) Clearly, Q4 =D(Ax,%R,)C D(Qf yRy) -
“onversely, as Qf - intR¢(Taﬂ R,) for every a€ Uy , we have

P Q;f Cp ointR¢(Taﬂ Ry)CpoTaNR,CTaNRy (a€E Uy).
0 pxQF CQ4 and D(QF ,R)C Q. O
‘he next theorem as well as its proof resemble 3.15. and 3.16..

4. THEOREM. Let ¢:X—%Y be a homomorphism of ttgs. If for every x € X there is an x € X
with Tx NTx| # @, such that ¢(x) is an almost periodic point and ¢ is open in x , then

Ey=Q4 iff D(Q4,R9)=0Qs-

ROOF. If E,= Q, then, by 4.3, it follows that D(Q4,%4) = Q-

‘onversely, suppose that D(Q4,%R¢) = Q4 . Let (x1,x2)€ Q4 and (x;,x3)€ Q4 , and assume ¢ is
penin x, . We shall prove that (x;,x;)€ Q.

et {(x5,x5)}; and {1}, benetsin R, and T such that

(x5 ,x5)—>(x2,x3) and #(x5,x5)—>w,w) for some we X .

s @(xh)—d(x2) =¢(x;) and as ¢ is open in x,, there are z; € ¢~ ¢(x5) such that z; —x; .
define z = lim¢;z; (after passing to a suitable subnet). Then

(Zi’xiZ)'—*(-xl!XZ) and ti(ziax’é)_)(z’w)'
s (x1,x7)€ Q, it follows that
(Zaw)ep*(xl’x2)gD({(XI,XZ)}9@/¢)QD(Q&bs@/q&):Qq)a

'here p =lim¢; € Sy (after passing to a suitable subnet). As
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(zi,x5) > (x1,x3) and 1,(z;,x5) > (z,w),
t follows that

(x1,x3)Eqx(z,w)CD{(z,w)},R)C D(Q4,Re) = Qs »

vhere g =lim¢#;~'€ S; (after passing to a suitable subnet).

Jow assume that ¢ is not open in x;. By assumption, we may find x €X such that
TxNTx, % @ and ¢ is open in x , while ¢(x)E Y is an almost periodic point. For an almost
ieriodic point z € Tx N YT, let I and K be minimal left ideals in S such that z =px and
z =qx, forsome p €I andsome gE K . Let v EJy (). Then vx = vp“qx] , and

(vx,vp_'qxz) = vp‘lq(xl ,X2)E€ Q4 and (vp_'qxz,vp_qu3)6 Q-
\s . (x,vx)EP,, we have (x,p " lgxy)€E Q4oPy and it is easily seen  that
Q40P C D(Qq4,R) = Q4 . By the above, (x,vp_‘qxg)e Qs and so
(p " qx1,vp " qxs) = (vx,vp T lgxy) = v (x,0p T lgx ) € Q.
Jut then
(x1,x3) € D({(p " 'gx1,5p " 'qx3)}, Re) C D(Q4, R) = Qs

vhich shows the transitivity of Q. . O

+.S. COROLLARY. Let ¢:%X—%Y be a homomorphism of ttgs.
a) If ¢ is open then Ey= Qg iff D(Q4,Ry) = Q4. In particular, for every ttg X we have

Eq=Q« iff D(Qu,XXX)= Q.
b) If X is a metric ergodic ttg and if %Y is minimal, then E,= Q4 iff D(Q4,Rg) = Q-

'ROOF.

a) This follows immediately from the first part of the proof of 4.4..

b) If X is metric, there is a residual set of points in which ¢ is open, also there is a residual set
f transitive points. As % is minimal, the assumptions of 4.4. are satisfied. O
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